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Abstract

We show that on-policy reinforcement learning with verifiable rewards (RLVR) can improve the
current objective while making successful behaviors for later objectives too rare to sample and
reinforce. We call this verifier-induced support reshaping and define effective rewardable support as
successful trajectories reachable within a fixed rollout budget. Across two model families, we study
this effect through repeated verifier-scored sampling and bidirectional training on mathematical
reasoning and constrained instruction following, including sequential training with the opposite
verifier. Math-RLVR raises average instruction-following success but reduces the number of prompts
with any successful response under repeated sampling. On IFEval with Qwen3-8B-Base, pass@1
rises by 6.5% while best@32 falls by 9.8%, and the same divergence appears across both models
and IF benchmarks. Conversely, IF-RLVR shifts math responses from step-by-step openings toward
direct answers, lowers best@k across sampling budgets, and reduces reward variation for later
Math-RLVR. Token-distribution analyses and controlled opening interventions show that these
changes concentrate in the first few response tokens. RLVR mainly reranks openings already
available in the base policy, and the selected opening causally affects math searchability. The tested
reference-policy constraints, routing priors, and on-policy distillation preserve cross-task support
only partially; MathIF and ReasonIF show that marginal gains translate only partly into responses
that are both correct and constraint-following. Therefore, endpoint improvements do not guarantee
future trainability or joint capability under on-policy optimization.
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Figure 1: Verifiers reshape what on-policy training can learn next. Left: Catastrophic forgetting
looks back at retained performance; support reshaping looks ahead at future trainability. Middle:
Training on task A shifts task B’s initiation support (top) and prompt-end hidden states (bottom).
Right: We test both orders with Math-RLVR and IF-RLVR.
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1 Introduction

Successive post-training stages turn foundation model training into a continual-learning prob-
lem. Alignment and reinforcement learning repeatedly adapt a shared policy to objectives such
as mathematical reasoning, code generation, and instruction following (Ouyang et al., 2022;
Shao et al., 2024; Guo et al., 2025a; Yang et al., 2024; Pyatkin et al., 2025; Li et al., 2026). Each stage
should preserve both existing capabilities and the ability to learn later objectives (Kirkpatrick
et al., 2017; Parisi et al., 2019). Recent studies find that on-policy reinforcement learning often
retains non-target performance better than supervised fine-tuning at comparable target-task
performance (Shenfeld et al., 2026; Chen et al., 2026; Lai et al., 2026). However, this evidence is
mainly retrospective, asking what performance remains after adaptation.

Continual RLVR therefore has a forward-looking requirement: successful behaviors for later
objectives must remain reachable under the current policy. RL with verifiable rewards (RLVR)
updates the policy from trajectories sampled from the current policy and scored by a verifier
(Schulman et al., 2017; Shao et al., 2024). A successful behavior may remain possible yet become
too rare to appear within a finite rollout budget, leaving a later objective with little positive
training signal. We call this change support reshaping and define effective rewardable support as
reward-positive trajectories that remain likely enough to be sampled under a specified budget.
This view differs from catastrophic forgetting: forgetting measures whether performance on a
learned task survives later training, whereas support reshaping measures whether successful
trajectories for a future task remain discoverable before that task is optimized. As illustrated in
Figure 1, our question is not only what a verifier improves now, but also what it leaves learnable
next.

We study this requirement through a controlled bidirectional comparison of mathematical
reasoning and constrained instruction following. Both are central post-training objectives
with programmatically checkable rewards, but they use different success criteria. The math
verifier checks final-answer correctness while leaving the solution route open, whereas the IF
verifier evaluates compliance with explicit response constraints (Shao et al., 2024; Pyatkin et al.,
2025). Prior work has also observed a tension between reasoning and instruction following
at evaluation time, making this pair a useful setting for studying cross-task effects (Fu et al.,
2026; Li et al., 2025). Starting from the same base policies, we train one branch with Math-RLVR
and measure IF support, and train the other with IF-RLVR and measure math support. We
then continue each branch with the opposite verifier to test whether the first-stage support shift
constrains later learning. This bidirectional design reveals whether the cross-task effect changes
with training direction.

Our results show that optimizing one verifier changes which successful behaviors the other
verifier can still sample and reinforce. Math-RLVR raises IF pass@1 but lowers best@32, as
more prompts move toward consistent success or complete failure. IF-RLVR lowers math
best@k and constrains subsequent Math-RLVR, while math responses shift from step-by-step
openings toward direct answers. Distributional analyses and controlled interventions further
show that the main change occurs in the first few response tokens, where the opening choice
causally affects math searchability. In the tested settings, sequential training, reference-policy
constraints, routing priors, and on-policy distillation (OPD) preserve only part of the affected
support or trade preservation against target-task gains. Results on MathIF (Fu et al., 2026) and
ReasonIF (Kwon et al., 2026) further show that gains in math or instruction following translate
only partly into responses that satisfy both.
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We make the following contributions:

• Support reshaping in RLVR. We frame continual RLVR in terms of future trainability
and measure effective rewardable support through repeated verifier-scored sampling.
Across two model families, our bidirectional Math/IF experiments show that Math-
RLVR polarizes IF support, while IF-RLVR reduces math searchability and constrains
subsequent Math-RLVR.

• A causal role for response openings. We localize the cross-task shift to the first few
response tokens and find that RLVR mainly reranks opening options already available
in the base policy. Controlled route interventions show that the opening choice causally
affects math searchability, favoring a change in route selection over broad erasure of
reasoning ability.

• Limits of support preservation. We evaluate sequential training, reference-policy
constraints, routing priors, and OPD, and find that they only partially preserve future
support or trade it against target-task gains. MathIF and ReasonIF further show that
improvements in math or instruction following do not translate proportionally into
responses that satisfy both.

2 Related Work

Verifiable Rewards and Reasoning Post-training. Reinforcement learning with verifiable re-
wards (RLVR) has become an important post-training approach for improving large language
models on mathematics, coding, and general reasoning tasks (Song et al., 2025). Recent reasoning
systems show that executable or otherwise checkable rewards can substantially improve perfor-
mance on the task being optimized (Shao et al., 2024; Guo et al., 2025a; Kimi Team et al., 2025;
Yang et al., 2024). Earlier work on learned verifiers, self-consistency, mathematical reasoning
benchmarks, and process supervision helped establish how reasoning outputs can be evaluated
and improved (Cobbe et al., 2021; Wang et al., 2023; Hendrycks et al., 2021; Lightman et al., 2024;
Wei et al., 2025). Overall, these works focus mainly on performance on the task currently being
optimized. We instead ask which trajectories remain available after a verifier improves its target
task. Later on-policy training can observe, reward, and reinforce only trajectories sampled from
the current policy.

Instruction Following and Reasoning. Instruction-following (IF) evaluation has shifted from
broad preference judgments to reproducible checks of explicit constraints. Verifiable instruction-
following benchmarks turn length, format, keyword, and structural requirements into automat-
ically checkable constraints, and recent work shows that these rewards can directly improve
instruction following (Zhou et al., 2023; Pyatkin et al., 2025; Peng et al., 2025; Qin et al., 2025; Guo
et al., 2025b). Broader evaluations further show that producing high-quality content does not
ensure that a model satisfies multiple fine-grained user requirements (Jiang et al., 2024; Qin et al.,
2024). Most relevant to our setting, MathIF (Fu et al., 2026) and ReasonIF (Kwon et al., 2026)
evaluate instruction following in mathematical answers and reasoning traces. Attention-based
analyses further suggest that explicit reasoning can shift attention away from instruction-relevant
tokens (Li et al., 2025). Together, these studies show that stronger reasoning does not guarantee
compliance with constraints on format, language, length, or the reasoning trace. Existing work
mainly documents this gap at evaluation time. We instead ask a training-time question: does
optimizing one verifier preserve the rewardable support needed by the other objective? Beyond
math accuracy and instruction-following pass rate, we ask whether such training preserves the
joint behavior users need.

RLVR Mechanisms, Sequential Post-training, and Support Preservation. Recent work ex-
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amines how RLVR changes model output distributions. Token-level studies find that RLVR
may change relatively few token probabilities yet substantially affect model behavior (Meng
et al., 2026). Other studies ask whether RLVR learns new reasoning abilities or mainly reweights
reasoning paths already present in the base policy (Yue et al., 2025; Wen et al., 2026). Work on
continual learning, capability loss after alignment, and reward hacking shows that sequential
optimization can cause forgetting or conflicts between objectives and can encourage models
to exploit imperfect rewards (Kirkpatrick et al., 2017; Ouyang et al., 2022; Amodei et al., 2016;
Wen et al., 2025). On-policy distillation (OPD) methods aim to stabilize post-training by using
a teacher distribution to supervise the student’s own rollouts (Song & Zheng, 2026; Wu et al.,
2026; Xing et al., 2026). Our work studies a different limitation of on-policy training: after one
verifier shifts the sampling distribution, rewardable trajectories for a later objective may become
too rare to sample and reinforce, even when the relevant ability has not been broadly forgotten.
Sequential training and distillation should therefore be evaluated not only by the current verifier
score, but also by whether they preserve rewardable support for future objectives.

3 Experimental Design

The core study first compares Math-RLVR and IF-RLVR from the same starting policy, then
evaluates IF→Math and Math→IF to test whether the first stage affects later learning.

Training Paths. We use Qwen3-8B-Base and Qwen2.5-Math-7B, and denote each checkpoint
before on-policy RLVR as Base. Within each model family, both branches use the same rollout
and evaluation protocol. Math-RLVR trains on the 7.5k MATH split (Hendrycks et al., 2021)
with an exact final-answer verifier, whereas IF-RLVR trains on IFTrain (Pyatkin et al., 2025)
with deterministic checkers that require all explicit response constraints to pass. Each training
configuration has one fixed-seed run, so repeated rollouts measure within-policy sampling
variation rather than variation across training runs. Complete training settings and mitigation
recipes are provided in Appendix A.

Evaluation and Support Measures. We evaluate math support on AIME24, AIME25, and
MATH-500-128 (Hendrycks et al., 2021; Lightman et al., 2024), and instruction-following support
on IFEval (Zhou et al., 2023) and IFBench (Pyatkin et al., 2025). MathIF (Fu et al., 2026) and
ReasonIF (Kwon et al., 2026) use a separate endpoint set for a joint-behavior stress test of whether
correctness and constraint following occur in the same response. For each prompt, we sample
k stochastic rollouts and score them with the relevant verifier. The rollout mean, reported
as mean@k, estimates pass@1; best@k records whether any rollout succeeds; and pass-count
records the number of successes. Core support analyses use k = 32 and group prompts as
all-wrong, mixed, or all-correct when 0, 1–31, or 32 rollouts pass. Benchmark roles, decoding
settings, and joint-test filters are detailed in Appendices B, F and G.

4 Verifier-Induced Cross-Task Support Reshaping

Verifier choice changes not only current-task scores, but also which successful responses for the
other task remain easy enough to sample. Single-stage training exposes two asymmetric shifts:
Math-RLVR raises average IF success while leaving fewer prompts solvable under repeated
sampling, whereas IF-RLVR makes correct math responses harder to reach. Sequential training
then shows the consequence: IF-first training reduces the reward variation available to later
Math-RLVR, while Math-first training requires a trade-off between math retention and IF gains.
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Figure 2: Math-RLVR raises average IF success while polarizing prompt outcomes. (a) pass@1
rises, whereas best@32 falls. (b,c) Mixed prompts move toward the all-correct and all-wrong
buckets.

4.1 Math-RLVR Polarizes IF Support, Whereas IF-RLVR Reduces Math Searchability

4.1.1 Math-RLVR Raises Average IF Success but Reduces Prompt Coverage

Qwen3-8B-Base Qwen2.5-Math-7B

Dataset ∆pass@1 ∆best@32 ∆pass@1 ∆best@32

IFEval +0.065 -0.098 +0.079 -0.114
IFBench +0.032 -0.067 +0.016 -0.037

Table 1: Math-RLVR raises IF pass@1 but lowers best@32 across models and bench-
marks. Values report final-minus-Base changes.

Math-RLVR improves average IF success but reduces the number of prompts with any successful
rollout under repeated sampling. Across both model families and both IF benchmarks, pass@1
increases while best@32 decreases (Figure 2a; Table 1). For example, on IFEval with Qwen3-8B-
Base, pass@1 rises by 0.065, whereas best@32 falls by 0.098. The prompt-level analysis explains
this gap: prompts in the mixed buckets move toward both the all-correct and all-wrong extremes
(Figure 2b,c). The policy therefore succeeds more often on an average rollout, but additional
sampling recovers fewer prompts.

4.1.2 IF-RLVR Lowers Math Searchability as Openings Shift

IF-RLVR steadily reduces math searchability while changing how sampled responses begin.
Across IF-RLVR checkpoints, AIME best@k declines for every tested budget from k = 4 to k = 32
(Figure 3a). To describe what changes in the sampled responses, we classify each rollout by
its visible opening. Deliberative reasoning initiation (DRI) begins with an explicit step-by-step
derivation, direct answer initiation (DAI) exposes an answer before such a derivation, and
unmatched openings are labeled Other. These labels describe only the visible opening, not the
model’s internal reasoning state; the complete rules are provided in Appendix C.

As IF-RLVR progresses, DRI openings decline and DAI openings eventually dominate (Fig-
ure 3b). Across checkpoints, higher DAI share co-occurs with lower AIME best@32 (Figure 3c).
The evidence in this section remains behavioral, so it does not show that mathematical ability has
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Figure 3: IF-RLVR lowers math searchability as response openings shift from DRI to DAI.
(a) best@k falls at every sampling budget; (b) DAI eventually dominates; (c) higher DAI share
co-occurs with lower best@32.

been erased or that DAI causes lower searchability. We test the latter question with distributional
analyses and controlled interventions in Section 5.

4.2 IF-First Training Leaves Little Reward Variation for Math-RLVR

IF-first training directly tests whether the single-stage support shift limits later on-policy learning.
Under the group-relative update used here, only prompts with both successful and failed rollouts
provide within-group reward variation (Appendix B.5). The mixed group therefore tracks the
prompts that can still provide a learning signal for later training. We continue Math-RLVR from
the IF-RLVR endpoint and compare this sequential path with the two standalone trajectories.
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Figure 4: After IF-first training, Math-RLVR improves outcomes without
restoring DRI or mixed support. (a) The all-wrong share falls, but DRI
remains below standalone Math-RLVR; (b) the mixed group falls from
33.6% to 1.6% by step 20.

After the switch to Math-RLVR, the all-wrong share falls from 65.6% to 50.8%, but DRI does
not recover over the observed 20 steps (Figure 4a). Over the same interval, the mixed group
falls from 33.6% to 1.6%, while the all-correct group rises to 47.7% (Figure 4b). By step 20,
almost every prompt lies in an all-wrong or all-correct group, leaving little within-group reward
variation for subsequent updates. Later Math-RLVR therefore improves current outcomes
without rebuilding the DRI and mixed support observed under standalone Math-RLVR. This
conclusion applies only to the observed training path and does not imply an irreversible loss of
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Figure 5: Reference KL trades IF adaptation for math retention during Math→IF training.
Curves and bands show mean@32 and std@32; dashed lines mark the standalone IF-RLVR
endpoints. No tested coefficient retains math while matching the unconstrained IF gains.

mathematical reasoning ability.

4.3 Math-First Training Trades IF Gains against Math Retention

The reverse order exposes a different problem: unconstrained IF-RLVR improves IF performance
but sharply reduces the math performance gained in the first stage. When training continues
from the Math-RLVR endpoint, pass@1 rises on both IF benchmarks but drops sharply on the
math task (Figure 5). To test whether a reference-policy constraint can retain math performance,
we sweep the KL coefficient β ∈ {0, 0.04, 0.08, 0.12} in Group Relative Policy Optimization
(GRPO) (Shao et al., 2024) during the second stage.

Weak KL constraints only delay the decline in math performance. The β = 0.12 setting largely
retains math-task pass@1, but it yields the smallest IF gains. No tested coefficient therefore
preserves math performance while matching the IF gains of the unconstrained baseline.

Takeaway

In the tested settings, neither training order provides a simple sequential solution: IF-first
training reduces the mixed support needed by later math training, whereas Math-first
training trades IF adaptation against math retention.

The next section localizes the main distributional change induced by IF-RLVR and tests whether
the response opening causally changes math searchability.

5 Mechanism: Support Reshaping Concentrates at the Response Opening

The previous section leaves two explanations for lower math searchability: IF-RLVR may
broadly alter downstream reasoning, or it may mainly change which route the response enters.
Our evidence supports the second account. Differences between Base and RLVR peak at the
first generated token, where Math-RLVR and IF-RLVR favor opposite routes. Inference-time
interventions further show that this opening choice changes subsequent math searchability.
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5.1 Distributional Shifts Peak at the First Token

We localize distributional changes by evaluating Base, Math-RLVR, and IF-RLVR with teacher
forcing on matched prefixes from Base-sampled traces and aggregating Jensen–Shannon (JS)
divergence by response position. The analysis covers both starting policies and AIME, IFEval,
and IFBench; Appendix D.1 gives the top-K approximation and full definition.

AIME 19.0×
IFEval 23.7×

IFBench 30.1×
AIME 69.6×
IFEval 12.7×
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Figure 6: RLVR changes next-token distributions most at the response opening. Stems report
mean JS over matched Base prefixes by position group, and right-hand values report the ratio
of first-token JS to interior JS; absolute values and construction details are in Appendix D.1
and table 6.

The first generated token has the highest mean JS for every combination of model, RLVR branch,
and benchmark (Figure 6). On AIME, the ratio of first-token JS to interior JS ranges from 9.8× to
106.7× across the four combinations of model and RLVR branch. Later positions show much
smaller shifts, localizing the largest policy change to route entry rather than the full generation
trace.

5.2 RLVR Reranks Candidates toward Different Opening Routes

Position-wise JS locates the shift but does not distinguish reranking existing candidates from
promoting an opening that Base assigns little probability. We therefore measure top-10 overlap
and Base top-3 reuse at the highest-JS 10% of matched positions, and separately inspect the Base
rank and probability of the RLVR top choice at AIME position 1.

At high-JS positions, Base and RLVR share 6.88 to 8.96 top-10 candidates on average, and
89.3% to 99.4% of RLVR top choices already appear in the Base top-3 (Table 2). At the AIME
opening under IF-RLVR, however, the top choice has median Base ranks of 14.5 and 18 across
the two starting policies, with mean probabilities of only 1.9% and 0.4%. RLVR therefore usually
reweights continuations already supported by Base, but it can also make a low-probability first
token dominant.

To determine the direction of this reranking, we compare first-token probabilities on the same
AIME prompts and group candidates as DRI-like, neutral, or DAI-like according to their visible
openings. These labels describe output form rather than the model’s internal reasoning state.
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AIME IFEval IFBench AIME position 1

Starting policy RLVR
tasks

Shared
Top-3
(%)

Shared
Top-3
(%)

Shared
Top-3
(%)

Rank Prob.
(%)

Qwen3-8B-Base Math 6.88 91.8 8.92 98.6 8.94 99.4 6 4.5
Qwen3-8B-Base IF 8.51 98.3 7.40 90.0 7.72 96.0 14.5 1.9
Qwen2.5-Math-7B Math 8.14 96.3 8.46 97.3 8.96 99.3 1 39.4
Qwen2.5-Math-7B IF 7.80 94.3 7.06 89.3 8.00 94.7 18 0.4

Table 2: RLVR mostly reranks Base-supported candidates but can promote low-probability
opening tokens. At the highest-JS 10% of matched-prefix positions, Shared/Top-3 report Base–
RLVR top-10 overlap and Base top-3 reuse; at AIME position 1, Rank/Prob. report the Base rank
and top-64-renormalized probability of the RLVR top choice.
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Figure 7: Verifier choice shifts first-token probability toward different response routes. Each
cell reports the mean probability at AIME response position 1; rows group tokens by the visible
openings they initiate.

Across both models, the top-ranked first token under Math-RLVR is DRI-like (“Alright” or “To”),
whereas IF-RLVR makes the DAI-like token “Answer” the top choice (Figure 7). Thus, the two
verifiers push generation toward opposite routes at the first token.

5.3 Changing the Opening Route Changes Math Searchability

The distributional results above do not establish whether the opening route itself changes
downstream math search. We therefore intervene without updating model parameters: under
Base decoding, we force an IF-side token or DAI prefix; under IF-RLVR decoding, we force
a Base-side token or DRI prefix and compare against free decoding. We also move the same
IF-side token across decoded positions to test whether its route effect is specific to the response
opening; full definitions are in Appendix D.3.
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From IF-RLVR checkpoints, forcing Base-side or DRI openings raises best@32 for both model
families on AIME and MATH-500 (Figure 8a). The reverse intervention is not fully symmetric:
IF-side or DAI openings reduce searchability for Qwen3-8B-Base but have neutral or positive
effects for Qwen2.5-Math-7B. In the Qwen3-8B-Base AIME position sweep, the same IF-side
token suppresses the DRI share only near the response opening; the DRI route recovers at later
positions, although best@32 remains variable (Figure 8b).

Takeaway

Together, these results identify a causal role for opening-route selection in math searcha-
bility within the tested settings. They support a localized change in route entry rather
than a broad rewrite of downstream reasoning.

This mechanism motivates the routing-prior and distillation experiments in Section 6.

6 Mitigating Support Reshaping: Levers and Limits

Within the tested settings, Section 5 shows that the response opening causally affects math
searchability. We therefore test two mitigation strategies: a DRI-biased SFT prior before IF-RLVR
and on-policy distillation (OPD) from token-level teacher distributions. The first only delays
DAI dominance, and the second depends on the teacher state; neither consistently preserves
math support.
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Figure 9: A DRI-biased prior delays but does not prevent DAI dominance. (a) Solid lines show
AIME24 best@32, and dashed lines show IFEval best@16; (b) curves show the AIME24 DAI rate.

6.1 A DRI Prior Delays but Does Not Prevent DAI Dominance

We construct four SFT cold starts from 50 correct math responses to test whether an initial route
prior survives subsequent IF-RLVR. Soft DRI and Hard DRI use the same DRI-only corpus
with different SFT strengths, whereas the DAI and Random controls use DAI-only and mixed
openings under the stronger configuration. All four policies then receive the same 100-step
IF-RLVR training; complete settings are provided in Section A.3.1.

Soft DRI delays the shift longest: at step 70, it retains AIME24 best@32 = 0.400 and IFEval
best@16 = 0.948, with a DAI rate of only 0.033. By step 100, however, every condition reaches a
DAI rate of 1, and the Hard DRI prior does not last longer than the weaker Soft DRI prior in
this run. A one-time route prior therefore changes when the shift occurs but not the observed
endpoint route.

6.2 OPD Outcomes Depend on the Teacher State

We next test whether dense supervision preserves support more reliably than a one-time prior:
a Base-initialized OPD student matches an IF-RLVR teacher’s token distribution on student-
generated rollouts. Dense supervision alone is insufficient: whether the student retains math
support depends on the selected teacher state.

6.2.1 A Converged IF Teacher Does Not Preserve Math Support

We first use the step-100 IF-RLVR endpoint as the teacher and train the OPD student for 50
steps. MATH-500-128 mean@16 falls from 0.3433 to 0.0879, while the shortcut-response share
rises from 4.5% to 18.8%.

To examine which teacher preferences transfer, we compute the teacher and student shifts in
token-averaged log probability relative to Base, denoted by ∆T and ∆S , on the same 6,400
student-generated rollouts. If the student directly reproduced teacher preferences, larger ∆T

would coincide with larger ∆S .

Instead, teacher and student shifts have a Spearman correlation of ρ = −0.594, and positive
student shifts occur mainly on short responses. Dense supervision from a converged teacher
therefore does not automatically preserve cross-task support.

11
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6.2.2 Different Teacher States Favor Different Outcomes

To test earlier teachers, we select IF-RLVR snapshots from steps 20, 40, 60, and 80 and train each
Base-initialized student for 100 OPD steps. This coarse scan of four states cannot identify the
best teacher along the full trajectory.
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Figure 11: Different teacher states favor different OPD outcomes. (a) Final-student matched
IFEval mean@16 versus the change in MATH-500 mean@16 from Base; (b) contentful and
shortcut response shares.

Among the four sampled states, the strongest target-task transfer and the strongest math-support
retention occur with different teachers. T2/40 reaches the highest IFEval mean@16 of 0.814,
whereas T1/20 is the only student that improves MATH-500 mean@16, by +0.93%. T1/20
also produces more contentful than shortcut responses, whereas T2/40 through T4/80 show
the reverse. The teacher’s IF endpoint alone is therefore insufficient for selecting a state that
preserves math support.

Takeaway

Overall, a one-time DRI prior is eventually overwritten by continued IF-RLVR, while OPD
still requires teacher selection that accounts for IF transfer, math support, and response
quality. In these experiments, neither method preserves math support throughout the full
IF adaptation path.
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The next section turns to an independent joint-support test of whether math and instruction-
following gains coexist in the same response.

7 Marginal Gains Translate Only Partly into Joint Support

Across two joint-capability benchmarks, the marginal gains from Math-RLVR and IF-RLVR
translate only partly into joint support within the same response. The earlier sections measure
math and instruction-following support separately, but success on the two metrics can occur
in different rollouts. We therefore use independent step-720 Qwen3-8B-Base, Math-RLVR, and
IF-RLVR endpoints as a joint-behavior stress test, not a continuation of the earlier trajectories.

MathIF (Fu et al., 2026) constrains the full mathematical response, whereas ReasonIF (Kwon
et al., 2026) constrains the reasoning trace while isolating the final answer. For each rollout, we
measure correctness C, benchmark-specific strict following F , and joint support J = C ∧ F ,
which requires both events in the same response. Sampling, filtering, and scoring details are
provided in Appendix F.

Benchmark Checkpoint C ↑ F ↑ J = C ∧ F ↑

MathIF Base 0.359 0.250 0.094
Math-RLVR 0.472 0.253 0.118
IF-RLVR 0.377 0.431 0.148

ReasonIF Base 0.467 0.239 0.109
Math-RLVR 0.522 0.235 0.126
IF-RLVR 0.438 0.391 0.171

Table 3: Marginal and joint support on MathIF and ReasonIF. Blocks average 16 rollouts over
290 prompts; C/F/J denote correctness, strict following, and same-rollout conjunction; filters
are in Appendix F.

On MathIF and ReasonIF, Math-RLVR raises C by 11.3%/5.6%, while F remains nearly un-
changed; J rises by only 2.4%/1.7%. IF-RLVR shows the complementary pattern: F rises by
18.1%/15.3%, while C increases only slightly on MathIF and decreases on ReasonIF; J rises
by 5.5%/6.2%. In both training directions, the non-target metric changes far less than the
verifier-aligned metric and sometimes declines, limiting the observed joint gain. Endpoint
improvements on one objective therefore do not automatically produce responses that are both
correct and constraint-following. Because these endpoints are independent of the controlled
trajectories above, the experiment provides an external joint-behavior check of this endpoint
implication rather than a continuation of the earlier learning curves.

8 Conclusion

Verifier choice in on-policy RLVR shapes current scores and future trainability. Math-RLVR
polarizes IF support; IF-RLVR favors direct answers and reduces math searchability. Controlled
interventions show a causal role for route entry; joint tests show gains combine only partly.
Effective support depends on rollout budget, so future work should estimate and preserve it
throughout cross-verifier optimization.
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A Experimental Setup and Training Recipes

This appendix provides full training protocols, evaluation configurations, and analytical details
for the experiments in the main text.

A.1 Models and Base Policies

We conduct experiments across two representative open-source model families: Qwen3-8B-Base
and Qwen2.5-Math-7B. For each model family, the base policy prior to any on-policy RLVR
training is designated as Base and serves as the reference policy for distributional comparisons.
Training was conducted primarily on a node with eight NVIDIA H20 GPUs, each with 96 GB of
GPU memory.

A.2 Primary RLVR Training Paths

Math-RLVR is trained on the public 7.5k training split of MATH, which spans a broad difficulty
range and diverse problem types (Hendrycks et al., 2021). The math verifier uses an exact-match
rule on extracted final boxed answers, granting positive rewards strictly to correct solutions.
IF-RLVR uses the IFTrain constraint library released with IFBench, whose 29 constraint types
do not overlap with the 25 IFEval types (Pyatkin et al., 2025; Zhou et al., 2023). The instruction
verifier employs rule-based deterministic checkers to verify whether model outputs satisfy all
explicit prompt constraints. Each training and stochastic evaluation configuration is run once
with the fixed random seed 42. Repeated rollouts measure within-policy sampling variation
rather than variation across independent training runs.

A.3 Sequential Training and Mitigation Recipes

The IF→Math path initiates from the converged IF-RLVR endpoint and continues on-policy train-
ing with the math verifier. The Math→IF path initiates from the converged Math-RLVR endpoint
and continues on-policy training with the instruction verifier. In Math→IF, the unconstrained run
serves as a clean sequential baseline, while the reference-KL sweep uses β ∈ {0, 0.04, 0.08, 0.12}
to test the retention–adaptation trade-off.

A.3.1 Routing-Prior Cold-Start Conditions

All four cold-start conditions first undergo SFT on 50 correct mathematical responses, while
differing in opening composition and SFT configuration. After SFT, all four policies receive the
same 100-step IF-RLVR training with the vanilla b2r1 DAPO configuration. The step-0 route
statistics in the table are measured after SFT and before IF-RLVR.

On-Policy Distillation aligns Base students to the on-policy rollout distributions of IF-RLVR
teachers at steps 20, 40, 60, 80, or 100 using a top-K reverse KL objective.
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Table 4: SFT configurations for the four routing-prior cold starts. Soft DRI and Hard DRI share
the same DRI-only corpus but use different SFT configurations, whereas the controls change the
opening composition under the Hard DRI configuration.

Condition SFT corpus SFT configuration Step-0 route statistics

Soft DRI (S1) 50 correct math
responses; DRI-only
openings (e.g., To
solve..., Let’s...)

Batch size 8; 10 epochs;
learning rate 2× 10−6;
60 gradient steps

log pDRI = −0.17; DAI
rate = 0

Hard DRI
(S2)

Same as Soft DRI Batch size 32; 20 epochs;
learning rate 1× 10−5;
20 gradient steps

log pDRI ≈ 0; DAI rate
= 0

DAI control 50 correct math
responses; DAI-only
openings (e.g.,
Answer:, The answer
is...)

Same as Hard DRI DAI rate = 1.000; DRI
rate = 0

Random
control

50 correct math
responses; mixed
openings (∼ 62% DRI,
30% Other, 8% DAI)

Same as Hard DRI DRI rate = 0.885; DAI
rate = 0

B Benchmark Suite and Decoding Protocols

This section details the benchmark compositions, decoding configurations, and diagnostic metric
formulations.

B.1 Mathematics Benchmarks

AIME24 and AIME25 each contain 30 high-difficulty competition mathematics problems, serv-
ing as high-difficulty validation sets for mathematical reasoning. MATH-500-128 is a fixed
128-prompt subset stratified across difficulty levels 1 through 5 from MATH-500, probing
mathematical support across a broader difficulty spectrum (Hendrycks et al., 2021).

B.2 Instruction-Following Benchmarks

IFEval contains 541 prompts and 25 verifiable constraint types for evaluating basic precise
instruction following (Zhou et al., 2023). IFBench applies 58 new out-of-domain constraints
to 300 held-out WildChat prompts to test generalization to unseen constraints (Pyatkin et al.,
2025). The sources, relationships, and complete type inventories of the five constraint datasets
are documented in Appendix G. Official deterministic decoding settings report standardized
benchmark scores, whereas repeated stochastic decoding (temperature 0.7, top-p 0.95) diagnoses
rewardable support within the policy distribution.

B.3 Joint-Capability Benchmarks

MathIF attaches one to three IFEval-style constraints to math problems and evaluates both
answer correctness and full-response compliance (Fu et al., 2026). ReasonIF applies one con-
straint per prompt to the reasoning trace while placing the final answer in separate tags, thereby
distinguishing reasoning-process following from final-response following (Kwon et al., 2026).
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B.4 Decoding Parameters and Support Metrics

Core support diagnostics on AIME, IFEval, and IFBench use repeated stochastic decoding
with 32 rollouts sampled per prompt. Expected single-sample pass rate (pass@1) estimates
the expected success probability of the current policy under a single rollout. Best-of-k success
rate (best@k) measures whether at least one rewardable trajectory remains reachable within
k samples, reflecting the boundary of searchable support. Pass-count records the number of
strictly successful rollouts per prompt out of 32 (ranging from 0 to 32), partitioning prompts
into all-wrong (0/32), mixed (1–31/32), and all-correct (32/32) support buckets.

B.5 Support-Group Probes and Standalone Training Trajectories

For the analysis in Section 4.2, we sample repeated stochastic rollouts at each checkpoint over
the same fixed set of math prompts. A prompt is classified as all-wrong, mixed, or all-correct
when none, some, or all of its sampled rollouts succeed, respectively. These checkpoint probes
are unfiltered and differ from the dynamic-sampling training logs, which do not produce policy
gradients from prompts without within-group reward variation. Because rollouts are resampled
at each checkpoint, the plotted group shares are stochastic estimates rather than deterministic
state counts. The standalone IF-RLVR endpoint and the inherited IF→Math step-0 state are
probed separately, yielding all-wrong estimates of 64.1% and 65.6%, respectively. We retain
both measurements rather than forcing the sequential trajectory to start from the exact estimate
shown for the standalone endpoint.
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Figure 12: Standalone Math-RLVR and IF-RLVR move math support-group composition in
opposite directions. (a) During Math-RLVR, the all-wrong share falls from 20.3% to 11.7% while
the all-correct share expands. (b) During IF-RLVR, the all-wrong share rises from 20.3% to
64.1% while the all-correct share nearly vanishes. Filled areas connect independently probed
checkpoints and do not represent measurements at intermediate training steps.

These standalone trajectories show how the support-group compositions underlying the two
reference paths in Figure 4a develop during training. The sequential IF→Math result remains a
step-0-to-step-20 Sankey because that comparison uses only those two unfiltered checkpoint
probes.
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C Opening Route Classification and Behavioral Diagnostics

This section provides exact pattern matching rules for the opening route classifier and the
independent semantic judge.

C.1 Deterministic Opening Route Classification Protocol

To ensure classification is strictly reproducible and independent of subjective interpretation,
we construct a deterministic, non-parametric, priority-ordered prefix classifier. The classifier
operates exclusively on the initial 64-character window of each rollout, capturing opening-route
decisions while preventing downstream reasoning steps from triggering opening-mode rules.

Priority Route
Mode

Target
Behavior

Matching Prefix Patterns (Initial 64 Chars)

P1 DAI Direct Answer
Emission

\boxed{...}, "The answer is",
"Answer:", "Final Answer:", bare num-
bers (≤ 10 chars)

P2 CSI Constraint-
Surface Shell

Front-loaded "[placeholder]" dumps, key-
word headers, format shells (IF benchmarks)

P3 DRI Step-by-Step
Deduction

"To solve", "Let’s", "Step 1:", "We need
to", "Alright", "First,"

P4 Other Fallback
Opening

Unmatched prefixes (guarantees mutually exclu-
sive, exhaustive assignment)

Table 5: Priority-cascaded protocol for deterministic opening route classification. Rollouts are
evaluated strictly in priority order (P1 → P4) over the initial 64 normalized characters.

The classification pipeline executes text normalization prior to priority cascading. Leading
whitespace, newlines, and Markdown header symbols (e.g., #, **) are stripped before matching.
Cascade evaluation stops at the first matching rule (P1 through P4), ensuring mutually exclusive
and exhaustive route assignments. Manual spot-checking across 500 randomly sampled rollouts
confirms that this deterministic classifier achieves over 98.5% precision, validating its reliability
as an observable behavioral measure.

C.2 Independent Semantic Judge (DeepSeek-V4-Pro)

To audit the semantic quality of verifier-passed IF rollouts, an independent LLM judge evaluates
sampled responses into a three-class semantic taxonomy. Contentful responses provide thorough,
genuine, and content-rich instruction-following outputs. Shortcut responses pass deterministic
verifiers by relying on superficial shortcuts such as brief text, templated prefixes, or placeholder
dumps. Others contains responses that fail verifier constraints or exhibit severe content defects.
Across training stages on a shared instruction-following prompt pool, shortcut responses expand
from 4.5% under the Base policy to 40.1% at the final IF-RLVR checkpoint. A focused audit of
verifier-passed rollouts from the final checkpoint shows that 73.5% rely on superficial shortcuts
rather than substantive task fulfillment.

D Token-Level Mechanism and Distributional Analyses

This section describes token-level divergence calculations and causal intervention methodolo-
gies.
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D.1 Position-Wise JS Divergence over the Top-K Union

All distributional comparisons are made within one model lineage, so the Base, Math-RLVR,
and IF-RLVR checkpoints share a vocabulary and tokenizer. For a trace (xi, yi) sampled from
Base, all three policies are evaluated by teacher forcing on the same response prefix yi,<t.

pai,t(v) = πa(v | xi, yi,<t) , a ∈ {B,M, I}. (1)

Here t = 1 denotes the first generated token after the prompt and chat template.

For each comparison between Base and a checkpoint, we separately construct the two top-64
candidate sets and their union.

Sa
i,t = TopK64

(
pai,t

)
, a ∈ {B, c},

U c
i,t = SB

i,t ∪ Sc
i,t, c ∈ {M, I}.

(2)

For a token that appears only in the other policy’s top-64 set, the implementation assigns zero
mass under the current policy. Each side is then renormalized over its retained top-64 probability
mass.

p̃
a|c
i,t (v) =


pai,t(v)∑

u∈Sa
i,t
pai,t(u)

, v ∈ Sa
i,t,

0, v ∈ U c
i,t \ Sa

i,t,

a ∈ {B, c}. (3)

This construction is a zero-padded top-64-union approximation rather than a recovery of full-
vocabulary probabilities for missing tokens.

To define the JS divergence reported in the main text, we first define KL divergence for normal-
ized distributions P and Q over the same union U .

DKL(P∥Q) =
∑
v∈U

P (v) log
P (v)

Q(v)
. (4)

Let R = (P +Q)/2; the Jensen–Shannon divergence is defined as follows.

DJS(P,Q) =
1

2
DKL(P∥R) +

1

2
DKL(Q∥R). (5)

The position-wise divergence in the main text is computed as ∆c
i,t = DJS(p̃

B|c
i,t , p̃

c|c
i,t ). The tilde

notation in the main text denotes this zero-padded and renormalized top-64-union comparison.
We use natural logarithms, so DJS ∈ [0, log 2].

For Figure 6, let ni denote the number of tokens in response i. The six disjoint position groups are
t = 1, 2 ≤ t ≤ 4, 5 ≤ t ≤ 16, 17 ≤ t ≤ 63, 63 < t ≤ 0.95ni, and t > max(63, 0.95ni), respectively.
Interior and Tail 5% denote the final two groups, respectively. Each stem reports the token-level
mean of ∆c

i,t over all tokens in its position group. The figure uses the shared height mapping

h = 7pt
√

DJS/ log 2. The right-hand ratios instead compute position-group means within each
trajectory, assign zero to a missing group, average each group across trajectories, and then take
their ratio. Thus, each trajectory has equal weight in the ratio, whereas the stem means are
weighted by token count.

Across the ten combinations of base model, RLVR checkpoint, and dataset with complete token-
level coverage statistics, median JS ranges from 1.1× 10−5 to 3.7× 10−4. Across combinations,
the fraction of positions above 0.05 ranges from 0.4% to 13.5%, and the fraction above 0.1 ranges
from 0.1% to 7.7%.
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Table 6: Absolute token-level mean JS values for the six position groups in Figure 6. Each row
corresponds to one Base model, RLVR checkpoint, and benchmark combination.

Base model RLVR
checkpoint

Benchmark 1 2–4 5–16

Qwen3-8B-Base Math-RLVR AIME 0.595707 0.068857 0.049285
IFEval 0.139395 0.032068 0.021217
IFBench 0.140402 0.032135 0.017383

IF-RLVR AIME 0.595250 0.063240 0.035537
IFEval 0.431789 0.172884 0.111037
IFBench 0.439830 0.182518 0.098056

Qwen2.5-Math-7B Math-RLVR AIME 0.133506 0.056596 0.045369
IFEval 0.174396 0.068909 0.034124
IFBench 0.094763 0.021497 0.010524

IF-RLVR AIME 0.679662 0.101265 0.034661
IFEval 0.650033 0.234947 0.109856
IFBench 0.509209 0.132754 0.058436

Base model RLVR
checkpoint

Benchmark 17–63 Interior Tail 5%

Qwen3-8B-Base Math-RLVR AIME 0.029205 0.022043 0.036251
IFEval 0.014785 0.001533 0.001788
IFBench 0.011781 0.001005 0.000650

IF-RLVR AIME 0.014596 0.003586 0.009463
IFEval 0.081098 0.008762 0.010657
IFBench 0.068664 0.004560 0.003156

Qwen2.5-Math-7B Math-RLVR AIME 0.020899 0.008970 0.022233
IFEval 0.022421 0.002797 0.012712
IFBench 0.006918 0.001592 0.004721

IF-RLVR AIME 0.011409 0.007879 0.025944
IFEval 0.071842 0.010818 0.037871
IFBench 0.030475 0.005722 0.014427

Table 7: Trajectory-pooled JS means underlying the four AIME ratios in Figure 6. Each
trajectory has equal weight, and Ratio divides the position-1 mean by the Interior mean.

Base model RLVR checkpoint JS@1 Interior JS Ratio

Qwen3-8B-Base Math-RLVR 0.596 0.0314 19.0×
IF-RLVR 0.595 0.0086 69.6×

Qwen2.5-Math-7B Math-RLVR 0.134 0.0136 9.8×
IF-RLVR 0.680 0.0064 106.7×
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Table 8: Large token-level JS values are rare in the ten settings with complete coverage
statistics. Entries report the median token-level JS and the percentage of positions above each
threshold. The available export does not contain coverage statistics for the two Qwen2.5-Math-
7B comparisons on IFBench.

Base model RLVR
checkpoint

Dataset Median JS JS > 0.05 (%) JS > 0.1 (%)

Qwen3-8B-Base Math-RLVR AIME 3.68× 10−4 13.5 7.7
IFEval 2.20× 10−5 0.9 0.3
IFBench 1.12× 10−5 0.4 0.1

IF-RLVR AIME 4.51× 10−5 2.4 0.8
IFEval 6.69× 10−5 6.7 3.4
IFBench 2.91× 10−5 3.2 1.5

Qwen2.5-Math-7B Math-RLVR AIME 9.45× 10−5 5.2 2.1
IFEval 1.14× 10−4 1.8 0.8

IF-RLVR AIME 3.46× 10−5 5.1 2.2
IFEval 3.45× 10−4 7.4 3.9

D.2 Candidate-Set Overlap and Top-Token Promotion

Each position stores the Base and RLVR top-64 candidates, and we compare the first 5, first 10,
and all 64 candidates. For the RLVR top-1 token R1, we record its rank within the Base top-64
and its Base probability after renormalization within that set. When R1 is absent from the Base
top-64, we record rank 65 and set this renormalized probability to zero. The high-JS summary
selects the top decile of position-wise JS within each model–RLVR–dataset setting, computes
shared-candidate counts per position, and then averages them within the setting. The position-1
summary first aggregates 32 rollouts within each AIME prompt and then summarizes 30 unique
prompts in each row. Table 9 reports the complete high-JS summary for all twelve settings.

D.3 Single-Token and Prefix Interventions

Position-1 forced token intervention replaces the first generated token with the top opening
token of the target policy before resuming free sampling. Prefix forcing injects DRI or DAI
opening prefixes to verify the causal control of response openings over downstream math
searchability.
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Table 9: Complete candidate-reuse statistics at high-JS positions across all twelve settings.
Each row averages over the top 10% of token positions by JS within one starting-policy, RLVR-
training, and dataset setting. The shared columns report the mean number of common tokens
in the Base and RLVR top-5, top-10, and top-64 sets. Base probability in the final column is
renormalized within the Base top-64.

Starting policy RLVR Dataset Shared top 5 Shared top 10 Shared top 64

Qwen3-8B-Base Math AIME 3.50 6.88 43.28
Qwen3-8B-Base Math IFEval 4.44 8.92 57.44
Qwen3-8B-Base Math IFBench 4.49 8.94 57.34
Qwen3-8B-Base IF AIME 4.32 8.51 52.89
Qwen3-8B-Base IF IFEval 3.69 7.40 46.78
Qwen3-8B-Base IF IFBench 3.92 7.72 48.39

Qwen2.5-Math-7B Math AIME 4.09 8.14 51.28
Qwen2.5-Math-7B Math IFEval 4.25 8.46 53.90
Qwen2.5-Math-7B Math IFBench 4.50 8.96 57.32
Qwen2.5-Math-7B IF AIME 4.00 7.80 49.72
Qwen2.5-Math-7B IF IFEval 3.61 7.06 44.27
Qwen2.5-Math-7B IF IFBench 4.06 8.00 51.24

Starting policy RLVR Dataset
Base top-3
reuse (%)

Base top-64
reuse (%)

Median
Base rank

Mean Base
prob. (%)

Qwen3-8B-Base Math AIME 91.8 99.5 1 67.0
Qwen3-8B-Base Math IFEval 98.6 100.0 1 56.0
Qwen3-8B-Base Math IFBench 99.4 100.0 1 68.4
Qwen3-8B-Base IF AIME 98.3 100.0 1 70.9
Qwen3-8B-Base IF IFEval 90.0 99.2 1 52.9
Qwen3-8B-Base IF IFBench 96.0 99.6 1 66.5

Qwen2.5-Math-7B Math AIME 96.3 99.8 1 58.8
Qwen2.5-Math-7B Math IFEval 97.3 99.8 1 58.4
Qwen2.5-Math-7B Math IFBench 99.3 100.0 1 59.2
Qwen2.5-Math-7B IF AIME 94.3 99.9 1 55.0
Qwen2.5-Math-7B IF IFEval 89.3 98.0 1 51.2
Qwen2.5-Math-7B IF IFBench 94.7 99.3 1 54.9

E Extended Results and Qualitative Cases

This section contains cross-family robustness validation and qualitative response comparisons.

E.1 Cross-Model Robustness on Qwen2.5-Math-7B

Experiments on Qwen2.5-Math-7B faithfully reproduce the core findings reported in the main
text. Math-RLVR consistently induces single-sample IF gains alongside best-of-32 contractions,
while IF-RLVR causes a severe collapse in math searchability.
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E.2 Qualitative Case Studies

Surface-compliant shortcut responses often front-load required placeholders or keywords in
initial lines to satisfy rule checkers while omitting substantive content. In contrast, substantive
instruction-following rollouts from uncollapsed policies exhibit natural contextual flow and
comprehensive task fulfillment.

F Joint-Capability Stress-Test Details

F.1 Endpoints and Sampling

This stress test uses an independent set of Qwen3-8B-Base, Math-RLVR step-720, and IF-RLVR
step-720 endpoints rather than treating the latter two as the step-220/step-100 checkpoints used
earlier. For each benchmark, endpoint, and prompt, we sample 16 rollouts with temperature 0.7,
top-p 0.95, and at most 8,192 new tokens. Chapter 7 is therefore an independent joint-behavior
stress test of the support-reshaping claim, not a continuous-checkpoint comparison with the
earlier training trajectories.

F.2 Metrics and Main-Table Filters

For each rollout, C denotes answer correctness, F denotes the benchmark-specific strict con-
straint event, and J = C ∧ F requires both events on the same rollout. For MathIF, F requires
the response to satisfy all supported constraints; for ReasonIF, F is the Reasoning IFS event on
the reasoning trace. The MathIF main table retains 290 prompts with scalar-form gold answers,
complete constraint scores, and exactly 16 rollouts for every endpoint. This fixed filter excludes
answers that require symbolic equivalence under the current scoring package, prompts with in-
complete constraint scores, and queries with conflicting rollout counts. The ReasonIF main table
excludes 10 language prompts unsupported by the constraint checker and uses source-aware
correctness and Reasoning IFS on the remaining 290 prompts. All results first compute binary
events at the rollout level and then average within each benchmark; no pooled average is taken
across benchmarks. Changes reported as % are computed from differences between unrounded
endpoint means; we make no statistical-significance claim from these descriptive comparisons.

G Instruction-Constraint Data Lineage

These datasets are not five independent taxonomies; they extend a common family of response
constraints toward out-of-domain constraints, constrained mathematical answers, and con-
strained reasoning traces. IFEval supplies the baseline verifiable types, IFTrain adds distinct
training types, IFBench reserves another type set for out-of-domain testing, and MathIF and
ReasonIF change the task content and constraint target (Zhou et al., 2023; Pyatkin et al., 2025; Fu
et al., 2026; Kwon et al., 2026).

G.1 Roles, Sources, and Constraint Targets

The separation of type inventories prevents treating IFBench as another split of IFEval. The 25
IFEval types, 29 IFTrain types, and 58 IFBench types serve distinct roles as baseline evaluation,
training coverage, and unseen-constraint evaluation. All 15 MathIF types are IFEval-style
response constraints, so MathIF changes the underlying task rather than the constraint paradigm.
ReasonIF instead applies familiar case, format, language, length, punctuation, and ending
constraints to the reasoning trace rather than the final response.
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Table 10: Lineage of the instruction-constraint data used in this work. A type denotes a verifier
template rather than an instantiated keyword, count, or ending phrase; the Chapter 7 main-table
filters are applied after these full benchmark sets are loaded.

Data and
role

Base prompt
source

Constraint
construction

Scored target

IF-RLVR
train

Public IF-RLVR
prompt
construction over
the Tulu 3.9 task
mixture

Up to five instantiated
constraints drawn from
the 29 IFTrain verifier
types used by our
training path

Full response; every attached
constraint must pass

IFEval 541
author-constructed
general prompts

25 types; 305/179/57
prompts contain
one/two/three
constraints

Full response under strict or loose
deterministic checks

IFBench 300 held-out
WildChat prompts

58 OOD types; 256/44
prompts contain
one/two constraints

Full response; the single-turn split
is used here

MathIF AIME (60), GSM8K
(90), MATH-500
(90), Minerva Math
(90), and
OlympiadBench
(90)

15 IFEval-style types;
140 prompts each
contain one/two/three
constraints

Entire mathematical response plus
answer correctness

ReasonIF AIME (61), AMC
(54), ARC (59),
GPQA (73), and
GSM8K (53)

Six types; each of the
300 prompts contains
one constraint

Reasoning trace; the final answer
is isolated by answer tags

G.2 Complete Verifier-Type Inventory

The following tables retain every public type identifier and state, in compact form, what its
verifier checks. Symbols in braces denote instance-level parameters whose values remain in
each data file’s kwargs or constraint_args field. Our IF-RLVR training path uses the 29
IFTrain types listed below; the public IF-RLVR recipe can additionally mix in the 25 IFEval types,
while the 58 IFBench types remain reserved for unseen-constraint evaluation.

Table 11: Constraints used by the IF-RLVR training set in this work (IFTrain; 29 types). The
group and constraint columns together form the complete public type identifier.

Constraint
group

Constraint Description

copy repeat_phrase Repeat a supplied phrase N times, replacing one
word on each repetition.

copy copy Copy the specified instruction verbatim instead of
executing it.

new copy_span_idx Copy the text span delimited by character indices
nstart and nend.

Continued on the next page
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IFTrain constraints (continued)

Constraint
group

Constraint Description

copy copying_simple Repeat the user request unchanged and do not
answer it.

copy copying_multiple Repeat the request N times, separate copies with
six asterisks, and do not answer it.

first_word first_word_sent Start every sentence with the specified word.
first_word first_word_answer Start the response with the specified word.
last_word last_word_sent End every sentence, before punctuation, with the

specified word.
last_word last_word_answer End the response with the specified word.

keywords no_adjacent_consecutive Prevent adjacent words from starting with
consecutive alphabet letters.

keywords word_once Include the specified keyword exactly once.
keywords word_count_different_

numbers
Make the specified word occur exactly N times.

keywords exclude_word_harder Exclude a specified keyword selected from the
source instruction.

count lowercase_counting Allow each lowercase word to occur at most N
times.

letters letter_counting Constrain the total number of letters relative to N
using the requested relation.

letters letter_counting2 Make the specified letter occur exactly N times.
count counting_composition Produce three divider-separated paragraphs with

nsent sentences per paragraph and nwords words
per sentence.

count count_unique Use each word at most once in the response.
count count_increment_word Include the first keyword once and the second

keyword twice.
keywords palindrome Include a palindrome in the response.
keywords keyword_specific_

position
Place the specified keyword at word m of sentence
n.

keywords start_end Start and end the response with the same word,
with no trailing punctuation.

detectable_
format

sentence_hyphens Join all sentences with hyphens and no
intervening spaces.

detectable_
format

square_brackets Enclose every word in square brackets.

paragraphs paragraphs Produce two paragraphs separated by the
specified Markdown divider.

paragraphs paragraphs2 Produce exactly two paragraphs separated only by
two line breaks.

Continued on the next page
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IFTrain constraints (continued)

Constraint
group

Constraint Description

detectable_
format

bigram_wrapping Wrap every consecutive word bigram in double
angle quotation marks.

punctuation punctuation_dot Prohibit period characters throughout the
response.

punctuation punctuation_exclamation Prohibit exclamation-mark characters throughout
the response.

Table 12: Complete IFEval constraint set (25 types). These constraints check the full response
and form the type inventory of the baseline instruction-following evaluation.

Constraint
group

Constraint Description

keywords existence Include every required keyword in the response.
keywords frequency Make the target word occur relative to N

according to the specified count relation.
keywords forbidden_words Exclude every word in the supplied forbidden list.
keywords letter_frequency Make the target letter occur relative to N

according to the specified count relation.

language response_language Write the entire response only in the specified
language.

length_
constraints

number_paragraphs Produce N paragraphs separated by the required
Markdown divider.

length_
constraints

number_words Constrain the response to at least, approximately,
or at most N words.

length_
constraints

number_sentences Constrain the response to at least, approximately,
or at most N sentences.

length_
constraints

nth_paragraph_first_
word

Produce N paragraphs and start paragraph i with
the specified word.

detectable_
content

postscript Append a postscript that starts with the specified
marker.

detectable_
content

number_placeholders Include at least N square-bracket placeholders.

detectable_
format

number_bullet_lists Produce exactly N Markdown bullet points.

detectable_
format

constrained_response Answer with exactly one item from the supplied
option set.

detectable_
format

number_highlighted_
sections

Mark at least N sections with the required
Markdown emphasis.

detectable_
format

multiple_sections Produce N sections and mark each section
opening with the required splitter.

Continued on the next page
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IFEval constraints (continued)

Constraint
group

Constraint Description

detectable_
format

json_format Format the entire response as JSON.

detectable_
format

title Include a title enclosed in double angle brackets.

combination repeat_prompt Repeat the user request verbatim before
answering it.

combination two_responses Give two different responses separated only by six
asterisks.

change_case english_capital Write the entire English response in uppercase
letters.

change_case english_lowercase Write the entire English response in lowercase
letters.

change_case capital_word_frequency Constrain the number of all-uppercase words
relative to N .

startend end_checker End with the exact supplied phrase and place
nothing after it.

startend quotation Enclose the entire response in double quotation
marks.

punctuation no_comma Prohibit commas throughout the response.

Table 13: Complete IFBench out-of-distribution test constraints (58 types). Except for the
custom group, these constraints are appended to held-out WildChat base prompts.

Constraint
group

Constraint Description

count word_count_range Keep the response between the specified minimum
and maximum word counts.

count unique_word_count Use at least N distinct words.
count conjunctions Use at least N different coordinating conjunctions.
count person_names Mention at least N distinct names from the verifier’s

fixed name list.
count numbers Include exactly N numerical items.
count punctuation Use every punctuation mark in the verifier’s

required inventory at least once.
count words_japanese Make every N -th word Japanese.
count pronouns Include at least N pronouns.
count keywords_multiple Make four specified keywords occur one, two, three,

and five times, respectively.

Continued on the next page
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IFBench constraints (continued)

Constraint
group

Constraint Description

ratio stop_words Keep the stop-word share at or below the specified
percentage.

ratio sentence_type Maintain a 2:1 count ratio of declarative to
interrogative sentences.

ratio sentence_balance Use equal numbers of declarative, interrogative, and
exclamatory sentences.

ratio overlap Keep the absolute difference between the trigram
overlap ratio with the reference text and the target
within 2%.

ratio sentence_words Write three equal-character-length sentences without
reusing words across them.

words alphabet Cycle word initials through the alphabet, returning
to A after Z.

words vowel Write one paragraph whose words use only one
vowel type.

words consonants Give every word at least one cluster of consecutive
consonants.

words palindrome Include at least ten palindromes of five or more
characters each.

words prime_lengths Use only words whose character lengths are prime
numbers.

words start_verb Start the response with a verb.
words repeats Repeat no word more than N times.
words odd_even_syllables Alternate words with odd and even numbers of

syllables.
words last_first Reuse each sentence’s final word as the next

sentence’s first word.
words paragraph_last_first Begin and end each paragraph with the same word.
words no_consecutive Prevent consecutive words from sharing an initial

letter.
words keywords_specific_

position
Place the specified keyword at word m of sentence n.

words words_position Use the specified keyword as both the second and
penultimate word.

sentence alliteration_increment Increase the number of alliterative words from each
sentence to the next.

sentence keyword Include the specified keyword in sentence N .
sentence increment Make each sentence exactly N words longer than the

preceding sentence.

format parentheses Nest parentheses, brackets, and braces to a depth of
at least five.

Continued on the next page
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IFBench constraints (continued)

Constraint
group

Constraint Description

format quotes Create at least three nested quotation levels while
alternating quote styles.

format options Return one supplied option and no explanation.
format newline Put every word on a separate line.
format emoji End every sentence with an emoji.
format line_indent Increase indentation on each successive line to form

a staircase.
format quote_unquote Follow every quoted span with an unquoted

explanation.
format list Produce a non-bulleted list using the specified

separator.
format thesis Start every section with a thesis statement marked as

italic in HTML.
format sub-bullets Give every asterisk bullet at least one

hyphen-marked sub-bullet.
format no_bullets_bullets Place at least two period-terminated sentences before

at least two asterisk bullets.
format title_case Write the entire response in title case.
format output_template Fill the exact template containing Answer,

Conclusion, and Future Outlook fields.
format no_whitespace Produce output with no whitespace characters.

custom multiples Enumerate only multiples of seven while counting
from 10 through 50.

custom mcq_count_length Generate four five-option art-history questions
whose stems increase in length.

custom reverse_newline List African countries in reverse alphabetical order,
one per line.

custom word_reverse Answer the fixed query with the response words in
reverse order.

custom character_reverse Answer the fixed query with the response characters
in reverse order.

custom sentence_alphabet Write 26 sentences whose first words progress from
A through Z.

custom european_capitals_sort List European capitals above the stated latitude in
descending latitude order.

custom csv_city Generate seven comma-delimited rows under the
specified five-column city schema.

custom csv_special_character Generate fourteen CSV rows and quote one field
containing a special character.

custom csv_quotes Generate three tab-delimited rows and enclose every
field in double quotation marks.

Continued on the next page
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IFBench constraints (continued)

Constraint
group

Constraint Description

custom date_format_list List the requested battle dates as comma-separated
values in YYYY-MM-DD format.

repeat repeat_change Repeat the request after changing its first word, and
do not answer it.

repeat repeat_simple Ignore all other instructions and output only the
supplied sentence.

repeat repeat_span Copy the text delimited by character indices nstart

and nend.

Table 14: Complete MathIF constraint set (15 types). These IFEval-style constraints check the
complete mathematical response and are scored separately from answer correctness.

Constraint
group

Constraint Description

keywords existence Include every required keyword in the
mathematical response.

keywords frequency Make the target word occur relative to N
according to the specified count relation.

keywords forbidden_words Exclude every word in the supplied forbidden list.

language response_language Write the entire mathematical response only in the
specified language.

length_
constraint_
checkers

number_words Constrain the response to at least, approximately,
or at most N words.

detectable_
format

number_bullet_lists Produce exactly N Markdown bullet points.

detectable_
format

number_highlighted_
sections

Mark at least N sections with the required
Markdown emphasis.

detectable_
format

multiple_sections Produce N sections and mark each section
opening with the required splitter.

combination repeat_prompt Repeat the mathematical request verbatim before
answering it.

startend end_checker End with the exact supplied phrase and place
nothing after it.

startend quotation Enclose the entire mathematical response in
double quotation marks.

change_case capital_word_frequency Constrain the number of all-uppercase words
relative to N .

Continued on the next page
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MathIF constraints (continued)

Constraint
group

Constraint Description

change_case english_capital Write the entire English mathematical response in
uppercase letters.

change_case english_lowercase Write the entire English mathematical response in
lowercase letters.

punctuation no_comma Prohibit commas throughout the mathematical
response.

Table 15: Complete ReasonIF constraint set (six types). Each verifier applies only to the
reasoning trace; the final answer is placed in separate tags and is outside the constraint target.

Constraint
group

Constraint Description

change_case english_capital Write the English reasoning trace in uppercase
letters.

detectable_
format

json_format Format the reasoning trace as JSON.

language reasoning_language Write the entire reasoning trace only in the
specified language.

length_
constraint_
checkers

number_words Constrain the reasoning trace to at least or at most
N words.

punctuation no_comma Prohibit commas throughout the reasoning trace.
startend end_checker End the reasoning trace with the exact supplied

phrase and no later reasoning text.
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